Two-body decay widths of lowest lying and next-to-lowest lying scalar and pseudoscalar mesons are studied in Generalized Linear Sigma Model (GLSM) of low-energy QCD. This model which considers mixing between "two quark" and "four quark" chiral nonets has been employed to investigate various decays and scatterings in low energy region of QCD. In this paper, Γ[f 0 (980) → KK] and Γ[a 0 (980) → KK] are obtained and it is shown that two-body decay widths of lowest lying mesons are well predicted by this model while for the next-to-lowest lying mesons, only some of the decay widths agree with the experimental results. We have compared the predicted decay widths in GLSM with the results obtained in single nonet linear sigma model (SNLSM) to indicate that chiral nonet mixing greatly improves the predictions of SNLSM for decay widths.
Introduction
Since low energy QCD is nonperturbative, the usual field theory methods are impractical and researchers have been examining effective field theory approaches. In theses approaches like chiral perturbation theory, [1] [2] [3] [4] [5] [6] [7] linear and non-linear sigma models, [8] [9] [10] [11] [12] [13] extended linear sigma model [14] [15] [16] and generalized linear sigma model (GLSM), [17] [18] [19] [20] the underlying chiral symmetry of QCD is used in order to construct hadronic Lagrangians.
Generalized linear sigma model is successful in describing some unusual features of scalar and pseudoscalar mesons below 2 GeV by allowing mixing between a quark-antiquark nonet and a four-quark nonet. As we know, the light scalar nonet has unusual spectroscopy compared to the vector one. The vector mass ordering corresponds to the number of s-type quarks in each state, i.e., m[ρ(776) ∼ ud] < m[K * (892) ∼ us] < m[φ(1020) ∼ ss], while this is not the case for the scalars. In fact, the conventional qq, SU (3) picture doesn't match with the mass of the scalar mesons below 1 GeV. For example, the isodoublet K * 0 (800) should be heavier than the isovector a 0 (980) but: m[K * 0 (800) ∼ us] < m[a 0 (980) ∼ ud]. In 1977, Jaffe examined the possibility that the light scalar mesons are made of two quarks and two anti-quarks (MIT bag model) and showed that this proposal can explain the unusual mass spectrum of the scalar mesons. [21] [22] [23] In this picture the mass ordering of the scalar mesons becomes proportional to the number of s-type quarks in each state. As an example, K * 0 with one strange quark becomes lighter than a 0 (980) with two strange quarks, m[K * 0 (800) ∼dsud] < m[a 0 (980) ∼dssu], which is consistent with the experimental data. Others also studied properties of light scalar mesons in tetraquark picture (see Refs. [24] [25] [26] .
Since this pure four-quark picture is deficient in describing some decay properties of lowest lying scalars and besides the fact that the pure quark-antiquark picture for the next-to-lowest lying scalars can not completely describe their properties, mixing among these states was considered as a solution to this puzzling feature. [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] Mechanism for such mixing in a nonlinear chiral Lagrangian was studied in Ref. 37 and it was shown that due to level repulsion, the lowest lying scalar mesons become lighter and this gives an answer to the question of why scalar mesons are lighter than the axial vector mesons.
The effect of possible mixing among two quark and four quark chiral nonets on the masses and some decay properties of scalar and pseudoscalar mesons, was studied in generalized linear sigma model and it was found that the scalar mesons below 1 GeV are predominantly four-quark states while the lowest lying pseudoscalar mesons are closer totype. 20 The role of these mixing patterns were also explored in ππ, 38 πK 39 and πη 40 scatterings and it was shown that the model prediction for the scattering amplitudes are reasonable and in good agreement with the experiment for the energy region below 1 GeV. Also the poles in the scattering unitarized amplitudes, which correspond to the physical resonances, were found to represent the scalars with masses and decay widths close to experimental data. Furthermore, the η ′ → ηππ decay was probed within this model and it was shown that the predicted decay width agrees with the experiment up to about 1%.
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In this article we will investigate two-body decays of lowest lying and next-to-lowest lying scalar and pseudoscalar mesons. For more convenience the experimental data for masses and decay widths are given in Table 1 . 42 A brief review of the model is given in Sec. 2 and in Sec. 3 the predictions of the model for all hadronic two-body decay widths of scalars and pseudoscalars below 2 GeV are presented. Sec. 4 is devoted to the unitarity corrections and their effects on decay widths. In Sec. 5, we summarize and discuss the results.
Brief review of the generalized linear sigma model
The effective Lagrangian of GLSM is constructed out of 3×3 matrices M and M ′ :
where M contains 18 "bare" quark-antiquark scalar and pseudoscalar fields and M ′ includes 18 "bare" scalar and pseudoscalar fields containing two quarks and two antiquarks. Although under chiral transformations SU(3) L × SU(3) R , M and M ′ transform in the same way
The Lagrangian density of the model which respects chiral symmetry SU(3) L × SU(3) R (but not necessarily U(1) A symmetry), is
where V 0 (M, M ′ ) at the leading order N ≤ 8 (eight or fewer underlying quark plus antiquark lines at each effective vertex) reads
All the terms except the last two are invariant under U(1) A . We have omitted a possible term Tr(M M † ) 2 because it violates the Okubo-Zweig-Iizuka rule. Also we should add a simple chiral symmetry breaking term due to the small light quark masses to the potential V 0
where A 1 , A 2 and A 3 are proportional to the three light quark masses. The equilibrium point (or ground state) of the system can be found by imposing extremum conditions 
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where the equilibrium values of fields S ′ , φ ′ , S and φ are respectively
In this paper, we assume isotopic spin symmetry so that A 1 =A 2 = A 3 , α 1 = α 2 = α 3 and β 1 = β 2 = β 3 . The four unknown coefficients in the Lagrangian (c 2 , c a 4 , d 2 , e a 3 ) and the six unknown parameters (α 1 , α 3 , β 1 , β 3 , A 1 , A 3 ) can be determined 20 by using the four minimum potential conditions (Eq. (7)) together with the following experimental inputs 
where A 3 /A 1 is the ratio of strange to nonstrange quark masses. 43 Obviously, there are large uncertainties in the values of m[π(1300)] and A 3 /A 1 which dominate the uncertainty of predictions.
Since the remaining parameters c 3 and γ 1 only affect the isosinglet pseudoscalars, one needs η masses as inputs. From 
and four experimental candidates for the two heavier η's in our model
This leads to six scenarios to identify the two heavier η's (η 3 and η 4 ) with the four experimental candidates above 1 GeV. Tr M 2 η and det M 2 η are the experimental inputs for the determination of c 3 and
For each of these six scenarios, two sets of γ 1 and c 3 are found as a result of the quadratic form of γ 1 in Eq. (12) . These twelve possibilities are studied in detail in Refs. 20 and 41 and it was shown that the third scenario with the experimental candidates η(1295) and η(1760) and solution I (i.e., scenario 3I), has the best agreement with experimental mass spectrum of the η system. The variations of these twelve parameters are plotted for different values of m[π(1300)] and A 3 /A 1 in Ref. 20 and it is shown that the variations of parameters are most affected by the uncertainty in m[π(1300)].
After fixing the twelve parameters of the model, we will have the rotation matrices describing the underlying mixing among two-and four-quark components for each spin and isospin state
where R 
where f i , i = 1..4 and η i , i = 1..4 are four of the physical isosinglet scalars and pseudoscalars below 2 GeV and
∝ ss,
In this paper, we compute two body decay widths of the scalar and psuduescalar mesons using the same order of potential in Ref. 20 with fixed parameters. This provides further test of the underlying two and four-quark mixing among the scalar and pseudoscalar mesons below and above 1 GeV and the appropriateness of the generalized linear sigma model developed in Ref. 20 and references therein.
Two-body decays
In this section, we present the prediction of GLSM for hadronic two-body decay widths of lowest lying and next-to-lowest lying scalar and pseudoscalar mesons to show whether the mixing of scalar and pseudoscalar mesons can improve the results of SNLSM 44 for the lowest lying decays. We also report the results for the decays above 1 GeV which are beyond the prediction of single nonet model. The decay widths are obtained through the following formulas
where q, the center of mass momentum, is given as
for a general two-body decay 1 → 2 3 and the coupling constants are defined as
where the subscripts i(= 1, 2, 3 and 4), j(= 1, 2) and l(= 1, 2) show the different isosingle, isovector and isodoublet meson states, respectively. These isomultiplets contain the physical fields
The coupling constants are related to the bare couplings through the following relations
where A, B, C = 1, 2 with 1 denoting nonet M and 2 denoting nonet M ′ and I, J, K = a, b, c and d represent the four bases in Eq. (15) . L 0 , R π , L a , R 0 , L κ , and R K are the rotation matrices defined in Eqs. (13) and (14) . The nonvanishing bare three-point coupling constants are given in Appendix A. The contour plots of all the hadronic two-body decay widths below 2 GeV are presented in Figs. 1-8 . In the following we will explain each figure separately:
In this figure we review the results for σ → ππ, f 0 (980) → ππ, a 0 (980) → πη and κ → πK decay widths which are given in Ref. 41 . Contour plot for σ → ππ decay width shows that for a large part of the parameter space, the prediction of the model for this decay overlaps with the experimental data (The region inside the dashed curves show the experimental range for each decay). Also for f 0 (980) → ππ and a 0 (980) → πη decay widths, there exist regions of parameter space which agree with the experimental ranges. No region coincides with the experimental range for κ → πK decay width, but for m[π(1300)] near 1.4 GeV, decay width reaches 400 MeV which at least has a right order of magnitude compared to PDG data. The interesting point is that due to final state interactions in πK scattering, total decay width for κ gets larger (It is shown in Ref. 39 and will be discussed in the next section).
Figure 2:
Since ππ and πη decay modes are dominant channels for decays of f 0 (980) and a 0 (980), respectively, KK decay channel for these two particles should have narrow decay width. Fig. 2 shows that the model prediction for these channels fulfill our expectation: decay widths are small for some regions of the parameter space. Averaging over the entire parameter space, we have
where the uncertainty is the standard deviation of the predicted data. 
The mean value is about 2.5 times larger than the experimental value (Table 1) but the uncertainty covers the observed range.
Figure 3:
Now let us study hadronic decay widths above 1 GeV. It is shown in Ref. 20 that the GLSM prediction for the third f-meson mass is 1504±6, but due to unitarity corrections in ππ scattering, 38 its mass reduces to 1149 ± 43 which is close to f 0 (1370) mass. Furthermore, we know that broad states receive more contributions (in mass and width) from the unitarity corrections compared to the narrow ones. Therefore we identify the third f-meson predicted by our model with the broad state f 0 (1370) and not the narrow state f 0 (1500). This is consistent with the result of Ref. 47 in which it was shown that f 0 (1500) is the scalar glueball state. Moreover, f 0 (1370) was shown to be predominantly a quark-antiquark state (particularly ss) with small remnant of four quark and glue components. 34 Although there is no experimental data for decay widths of different modes of this broad resonance, Fig. 3 shows that for all the decay modes except ππ, the predicted decay widths are reasonable compared to the full width but Γ[f 0 (1370) → ππ] is extremely large and far from experiment For f 0 (1710) which decays predominantly into kaons, KK and ηη channels have large and unreasonable widths but their ratio is
which overlaps with the experimental range ( Table 1) . For ππ channel, decay width has the right order of magnitude compared to the full width for large values of m[π(1300)] and
which is not in the range of PDG data but consistent with the results of Ref. 49 :
Moreover the recent results of Refs. 50 and 51 have suggested that the f 0 (1710) is predominantly the glueball state and due to the fact that the glueball effects are not included in GLSM, we do not expect to get good results for decay widths of this state. 
is too large, but according to final state interactions of πK which are estimated by the K-matrix unitarization method, decay width decreases, 39 but this time becomes too small compared to the experiment (Table 4 ) and this convinces us that the current Lagrangian of the model, cannot describe energy region above 1 GeV for some processes and therefore is not complete. It should be pointed that the final state interaction effects are also computed for πη scattering 40 and fortunately the total width for a 0 (1450) which comes from the imaginary part of the K-matrix unitarized amplitude pole, is close to the experimental range (Table 4 ). This will be discussed in the next section. 
which overlaps with the experimental range.
Figure 8:
To evaluate η(1405) and η(1475) → a 0 (980)π decay widths, we used scenario 5I and 6I, respectively. Although η masses predicted in these scenarios are less than expected values and these scenarios are clearly not favoured, but the resulting widths are comparable with the full experimental width (Fig. 8 ). Note that in our model, η(1405) can not decay into f 0 (980)η as its predicted mass is less than the threshold mass. In order to compare the predictions of the model with experimental data, the averaged values and the standard deviations over the m[π(1300)] − A 3 /A 1 plane for decay widths of lowest lying scalars and pseudoscalars are given in Table 2 . Also the mean values for decay widths of next-to-lowest lying mesons are summarized in Table 3 . Among these decays, nine of them overlap with the experimental range or at least have the right order of magnitude compared to the experimental full width. For the remaining decays, i.e., f 0 (1370) → ππ, f 0 (1710) → KK, f 0 (1710) → ηη, K * 0 (1430) → πK, a 0 (1450) → πη and a 0 (1450) → KK, decay widths are too large.
One may argue that if we consider the effect of final state interactions in ππ, πK and πη scatterings within the GLSM framework, this may change the bare predictions of decay widths and masses of scalars to the acceptable ones. In the next section, we will review this effect. 
The K-matrix unitarized ππ scattering amplitude for the I = J = 0 channel is given by
where T 0 0 B is the "bare" scattering amplitude calculated from the Lagrangian in Eq. (4)
with
where p π = s − 4m 2 π /2. The scalar-pseudoscalar-pseudoscalar couplings γ fiππ are defined in Sec. 3, and γ (4) ππ is the pion four-point coupling constant
where the sum is over "bare" pions and A, B, · · · = 1, 2 with 1 denoting nonet M and 2 denoting nonet M ′ and R π is the pion rotation matrix. The real part of the unitarized scattering amplitude, Eq. (28), is plotted in Fig 9. It is clear that the prediction of the model is in reasonable qualitative agreement with the experimental data up to about 1 GeV. The physical pole positions in the unitarized scattering amplitude are determined by solving for the complex roots of the denominator of the K-matrix unitarized amplitude Eq. (28) 1 − iT
Each complex pole is equivalent tom 2 i −imΓ i , wherem i andΓ i are the physical mass and width of the i-th pole. By solving Eq. (32) numerically, we will find four solutions for the pole positions, each corresponds to the physical mass and total width of f i 's. The masses and total widths of the ππ unitarized scattering amplitude are plotted in Figs. 10 and 11 . Comparing the bare masses resulted from the Lagrangian (Fig. 12) with the physical masses obtained from the unitarized ππ scattering amplitude (Fig. 10) , shows that the unitarization procedure reduces the bare masses of σ and f 0 (980) which are located out of the experimental ranges to physical masses within the experimental bounds. It is clear from Figs. 1 and 11 that before and after unitarization there exists regions of parameter space for which decay widths of σ and f 0 (980) cover the experimental ranges a . Furthermore, for f 0 (1370) and f 0 (1710), the bare total widths (sum of the average values for different decay modes in Table 3 ), are too large compared to the experimental full width which proves the failure of the model for these decay widths. As we expected, the unitarization, makes the total widths smaller with respect to the previous values, but unfortunately too small compared to the experimental data (Fig. 11) . The same unitarization procedure can be applied for πK and πη scatterings which leads to the unitarized masses and full widths for isodoublets (κ, K * 0 ) and isotriplets (a 0 (980),a 0 (1450)), respectively. Finally, the mean values for physical masses and decay widths obtained from unitarization procedure corresponding to isosinglet, isodoublet and isotriplet scalar states are given in Table 4 . It is clear that the averaged total widths of σ and a 0 (980) with their uncertainty overlap with the experiment. For f 0 (980), although the mean value ofΓ f0(980) is not in agreement with the experimental data, it varies from 75 to 335 MeV which indeed for some regions of parameter space, total width overlaps with PDG data.Γ κ does not agree with the experiment but is close to it. Thus, the poles in the unitarized scattering amplitude which represent physical states leads to the acceptable widths and masses for states below 1 GeV, while for the physical states above 1 GeV, the obtained total widths are too small compared to the expected values except for a 0 (1450).
Summary and conclusions
In the present work, we have studied the effect of underlying mixing betweenandcomponents in hadronic two-body decays of scalar and pseudoscalar mesons below 2 GeV within the GLSM. To see whether the mixing effect could improve the prediction of SNLSM for lowest lying scalars, 44 a comparison is made between predicted decay widths evaluated in these models ( first two columns of Table 5 ). At first sight, it is clear that the predictions have greatly improved in GLSM. So this model not only determines quark structure of mesons but also can improve the predictions for decays and certainly scatterings of mesons.
38-40
We should note that the masses of σ, f 0 (980) and their mixing angle θ s , the mass of a 0 (980) in the Table 5 comes from the best fit for the real part of the I = J = 0, ππ scattering amplitude. Also the isovector mass (m[a 0 (980)]) can not be predicted from the SNLSM and an arbitrary value should be chosen for it; But in GLSM, all the masses and widths are direct predictions of the model and this is another advantage of 
GLSM versus SNLSM.
We have also evaluated all the lowest lying decay widths in the decoupling limit b (d 2 , e a 3 → 0 and γ 1 → 1) given in the third column of Table 5 in order to show that mixing provides much better description of decay widths. It is seen that by decoupling the four-quark fields, the results go far from the experimental data.
As a result, it has become clear that the GLSM Lagrangian at the present order of N = 8 with 8 experimental inputs and without any further tuning is successful in predicting decay widths of lowest lying mesons, while the predictions of SNLSM model are far from the expected values. Therefore, inclusion of the underlying mixings considerably improves the results for the decay widths.
We should notice that GLSM can not give acceptable widths for some states above 1 GeV. It would be worthwhile to study the effects of adding terms with higher than eight quark and antiquark lines and also considering the effects of scalar and pseudoscalar glueballs in potential. Our initial estimate shows that adding scalar and pseudoscalar glueballs has more considerable effects than adding terms with higher order of N .
Appendix A. Three-point bare couplings
, (A.1) 
